フーリエ積分作用素の有界性とPDEへの応用(調和解析と非線形偏微分方程式) by 杉本, 充
Titleフーリエ積分作用素の有界性とPDEへの応用(調和解析と非線形偏微分方程式)
Author(s)杉本, 充















, Michael Ruzhansky (Imperial College)
, ,
















, 2 \sim 4
– . ,
, .
, Duistermaat [Du] ,
. 5 \sim 7 ,







(Graduate School of Science, Osaka University).
1491 2006 78-105 78
2.
, .
. $X\subset \mathrm{R}^{n_{1}},$ $\mathrm{Y}\subset \mathrm{R}^{n_{2}}\cdots$ ,
. $\phi(x,y,\xi)\in C^{\infty}(X\mathrm{x}\mathrm{Y}\cross \mathrm{R}^{N})\cdots$Phase ( )
. $a(x, y, \xi)\in C^{\infty}(X\cross \mathrm{Y}\cross \mathrm{R}^{N})\cdots$Amplitude,
,
Tu(X) $=/Y \int_{\mathrm{R}^{N}}e^{1\phi(x,y,\xi)}a(x, y, \xi)u(y)dyd\xi$ $(x\in X)$
. $T$ . ,
, $e^{i\phi(x,y,\xi)}$
, :
Tu$(x)=1 \mathrm{i}\mathrm{m}\epsilon\searrow 0\int_{Y}\int_{R^{N}}e^{i\phi(x,y,\xi)}a(x, y,\xi)\rho(\epsilon\xi)u(y)dyd\xi$.
$\rho$




. $D(\mathrm{Y})\cdots \mathrm{Y}$ ,
. $\mathcal{E}(X)\cdots X$ ,
, . , T
$T’$ : $D(X)arrow \mathcal{E}(\mathrm{Y})$
,




$\langle$Tu, $v\rangle_{D(X)\mathrm{x}\mathcal{D}(X)},=\langle u, T’v\rangle_{\mathcal{E}(\mathrm{Y})\mathrm{x}\mathcal{E}(\mathrm{Y})}$, $(u\in \mathcal{E}’(\mathrm{Y}), v\in D(X))$
.
$\mathcal{E}’(Y)\cdots \mathrm{Y}$ distribution ,
$D’(X)\cdots X$ distribution




$(\partial_{t}^{2}-\triangle_{x})u(t, x)$ $=0$ ,























. , . - ,
, .
, $u\in \mathcal{E}’(X)$ , \^u
:
$u\in D(X)$ \^u $(\xi)$ .
$u\in \mathcal{E}’(X)$ \^u $(\xi)$ .







, $u\in D’(X)$ , wave front set
$\mathrm{W}\mathrm{F}(u)\subset T^{*}X\backslash 0\simeq X\cross \mathrm{R}^{n}\backslash 0$
. $(x, \xi)\not\in \mathrm{W}\mathrm{F}(u)$ , $u$ $x$ cut-off
, $\xi$ conic .
$\pi$ : $T^{*}X\ni(x, \xi)-\rangle x\in X$
$\pi(\mathrm{W}\mathrm{F}(u))=\mathrm{s}\mathrm{i}\mathrm{n}\mathrm{g}\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(u)$
. sing supP $(u)$ , $X$ $u$
( $u$ ) . , $\mathrm{W}\mathrm{F}(u)$
$u$ ,
.
, $T$ phase $\phi(x, y, \xi)$ ,
$C_{\phi}=\{(x, \phi_{x}, y, -\phi_{y});\phi_{\xi}=0\}\subset T^{*}X\cross T^{*}\mathrm{Y}$




$C_{\phi}\circ \mathrm{W}\mathrm{F}(u)=\{(x, \xi);(\exists y,\eta)\in \mathrm{W}\mathrm{F}(u)\mathrm{s}.\mathrm{t}. (x,\xi, y, \eta)\in C_{\phi}\}$




phase , ( $t$
)
$C_{\phi}= \{(x, \xi, y, \xi);x-y\pm t\frac{\xi}{|\xi|}=0\}$
$= \{(y\mp t\frac{\xi}{|\xi|}, \xi, y, \xi)\}$
. , $\xi$ , $t$






.) , Lagrange $C_{\phi}$
:
$\bullet$ (Local graph condition) : $C_{\phi}$ $T^{*}X$ $T^{*}Y$ ,
.
Local graph condition , $\dim X=\dim \mathrm{Y}(=:n)$
. , $C_{\phi}$ $\chi(x, \xi)$
$\{(x, \xi, y, \eta);(y, \eta)=\chi(x, \xi)\}$
. $\chi(x, \xi)$ . ,
$D(\phi)=$
$\phi_{\xi}=0$ $\det D(\phi)\neq 0$
.
Phase $\phi(x, y, \xi)$ $\xi$ – local graph condition ,
amplitude $a(x, y, \xi)$ $\xi$ $m$ ,
$T$ :
$\bullet$ H\"ormander [H\"or].
. $m\leq 0$ $T$ : $L_{\mathrm{c}mp}^{2}(Y)arrow L_{loc}^{2}(X)$ .
$\bullet$ Seeger, Sogge&Stein [SSS].
$1<P<\infty$ $m \leq-(n-1)|\frac{1}{\mathrm{p}}-\frac{1}{2}|$ $T:L_{c\mathrm{o}\mathrm{m}\mathrm{p}}^{\mathrm{p}}(\mathrm{Y})arrow \mathrm{L}_{lo\mathrm{c}}^{p}(\mathrm{X})$








$\bullet$ Lagrange , ,
? ,
?
, $X=Y=\mathrm{R}^{n},$ $\xi\in \mathrm{B}^{n}$ phase amplitude
$\phi(x, y, \xi)=(x-y)\cdot\xi+\varphi(\xi)$ ,
$a(x, y, \xi)=(1+|\xi|^{2})^{m/2}$
. phase Lagrange ,
$\mathrm{C}_{\phi}=$ { $(x,$ $\xi,$ $y,$ $\xi)|x-y$ $\nabla\varphi(\xi)=0$ }
$=\{(y\mp\nabla\varphi(\xi), \xi, y, \xi)\}$
. , $T$ :
Sugimoto [Sul]. $\varphi$ – ,
$\Sigma=\{\xi\in \mathrm{R}^{n};\varphi(\xi)=1\}$
. $\Sigma$ $\gamma(\Sigma)$ .
$1<p\leq 2,1/P+1/p’=1$ $m \leq-(2n-\frac{2(n-1)}{\gamma(\Sigma)})(\frac{1}{p}-\frac{1}{2})$
$T:L^{\mathrm{p}}(\mathrm{R}^{n})arrow L^{\mathrm{p}’}(\mathrm{R}^{n})$ .
, $m$ $-(2n- \frac{2(n-1)}{\gamma(\Sigma)})(\frac{1}{p}-\frac{1}{2})$ .
, $\Sigma$ $\gamma(\Sigma)$ ,





, Seeger, Sogge &Stein [SSS] , p-
, $\Sigma$ . local
graph condition , p ,







. , . ,
.
$X=Y=\mathrm{R}^{n},$ $\xi\in \mathrm{R}^{n}$ , .
$A(X, D)u(x)=J_{\mathrm{R}^{n}}’ \int_{\mathrm{R}^{n}}e^{i(x-y)\cdot\xi}A(x,\xi)u(y)dyd\xi$ ,
$Iu(x)= \int_{\mathrm{R}^{n}}\int_{\mathrm{R}^{n}}e^{i\phi(x,y,\xi)}u(y)dyd\xi$
$(x\in \mathrm{R}^{n})$ . , $A(x, \xi)$ , .
, . , .
Egorov . $\phi$ Lagrange local graph condition ,
$\chi(x, \xi)$ . ,
$C_{\phi}=\{(x, \phi_{x}, y, -\phi_{y});\phi_{\xi}=0\}$
$=\{(x, \xi), \chi(x,\xi)\}\subset T^{*}\mathrm{R}^{n}\cross T^{*}\mathrm{R}^{n}$
. , ( )
$I\cdot A(X, D)=B(X, D)$ . I+( ),
$B(x, \xi)=(A\circ\chi)(x, \xi)$
.
$B(X, D)$ , (phase Egorov






. , 2 $a(\xi)$





Gaussian curvature , Gauss map
$\frac{\nabla a}{|\nabla a|}$ : $\Sigmaarrow S^{n-1}$
84
global diffeomorphism ( Kobayashi&Nomizu [KN]
), $\psi^{-1}$ . , $\psi$ $\psi^{-1}$
$I^{-1}$ ,
$a(D)=I\cdot(-\triangle)\cdot I^{-1}$
. Laplacian $-\triangle$ ,
$a(D)$ .
, .




















, . , $t$
, :




. 7 , – .
( 2 .)





(S) $||Au(t,x)||_{L^{2}(\mathrm{R}\iota\cross \mathrm{R}_{x}^{n})}\leq C||\varphi||_{L^{2}(\mathrm{R}_{x}^{n})}$.
$\langle\cdot\rangle=\sqrt{1+||^{2}}$ , $A$ :
[1] $A=\langle x\rangle^{-s}|D_{x}|^{1/2};s>1/2$ ,
[2] $A=\langle x\rangle^{-\delta}\langle D_{x}\rangle^{1/2};s\geq 1$ $(s>1, n=2)$ ,
[3] $A=|x|^{a-1}|D_{x}|^{\alpha};1-n/2<\alpha<1/2$ .
. [1] Ben-Artzi&Klainerman [BK] $(n\geq 3)$ , Chihara [Ch] $(n\geq 2)$
. [2] Kato&Yajima [KY] $(n\geq 3)$ , Walther [Wal] $(n\geq 2)$ [3]
Kato&Yajima [KY] ($n\geq 3,0\leq\alpha<1/2$ $n=2,0<\alpha<1/2$), [Su4]
$(n\geq 2,1-n/2<\alpha<1/2)$ , Walther[Wal] , [2] $s<1(s\leq 1$ ,
$n=2)$ , Watanabe [Wat] , [3] $\alpha=1/2$
. [1] , (S)
, I $\langle\cdot\rangle$ .




(F) .. $\overline{A^{*}f}_{|S_{\rho}^{n-1}}\mathrm{I}\mathrm{I}L^{2}(s_{\rho}^{n-1})\leq C\sqrt{\rho}||f||_{L^{2}(\mathrm{R}^{\mathfrak{n}})}$
, $S_{\rho}^{n-1}=\{\xi;|\xi|=\rho\},$ $(\rho>0)$ .
$\bullet$ Resolvent
(R) $\sup_{{\rm Im}\zeta>0}|(R(\zeta)A^{*}f, A^{*}f)|\leq C||f||_{L^{2}(\mathrm{R}^{n})}^{2}$
, $R(\zeta)=(-\triangle-\zeta)^{-1}$ .
(F) (S) , $(\mathrm{F})\Rightarrow(\mathrm{S})$ . ,
$R(\zeta)$
$e^{it\triangle}$ Laplace
$R( \zeta)=\frac{1}{i}\int_{0}^{\infty}e^{:t\triangle}e^{i\zeta t}dt$ $({\rm Im}\zeta>0)$
, $(\mathrm{R})\Rightarrow(\mathrm{S})$ . , (R) (F)




, $n=1$ $n\geq 2$ .
, ,












. , $a(\xi)$ . $a(\xi)$ $a_{m}(\xi)$ ,
$a_{m}(\xi)\in C^{\infty}(\mathrm{R}^{n}\backslash 0)$ $m$ ,




(L): $a(\xi)\in C^{\infty}(\mathrm{R}^{n}),$ $\nabla a(\xi)\neq 0$ , $|\partial^{\alpha}(a(\xi)-a_{m}(\xi))|\leq C|\xi|^{m-1-|\alpha|}$.
2. $a(\xi)=a_{m}(\xi)=|\xi|^{m}$ (H) . , $m=2$
. , $\xi=(\xi_{1}, \xi_{2}, \ldots, \xi_{n})$ $a_{3}(\xi)=\xi_{1}^{3}+\xi_{2}^{3}+\cdots+\xi_{n}^{3}$
, $a(\xi)=a_{3}(\xi)+\xi_{1}$ $m=3$ (L) .
, Michael Ruzhansky (Imperial College)
([RS1], [RS4]) :
1. (H) (L) , $m>0,$ $s>1/2$ . , $(*)$
$u$
$||\langle x\rangle^{-s}|D_{x}|^{(m-1)/2}u(t, x)||_{L^{2}(\mathrm{R}_{t}\mathrm{x}\mathrm{R}^{n}ae)}\leq C||\varphi||_{L^{2}(\mathrm{R}_{x}^{n})}$
.
. , (S) [1] . (H)
$m>1$ p Chihara (2002) .
2. (H) , $m>1,$ $n>m+1$ ($a(\xi)\neq 0(\xi\neq 0)$
$n>m>1$ ) . , $(*)$ $u$ ,
$||\langle x\rangle^{-m/2}\langle D_{x}\rangle^{(m-1)/2}u(t, x.)||_{L^{2}(\mathrm{R}_{t}\mathrm{x}\mathrm{R}_{\mathrm{r}}^{n})}\leq C||\varphi||_{L^{2}(\mathrm{R}_{l}^{n})}$
. , (L) , $m>0,$ $s>1/2$ . , $(*)$
$u$
$||\langle x.\rangle^{-s}\langle D_{x}\rangle^{(m-1)/2}u(t, x)||_{L^{2}(\mathrm{R}_{t}\mathrm{x}\mathrm{R}^{\mathfrak{n}}ae)}\leq C||\varphi||_{L^{2}(\mathrm{R}_{\epsilon}^{n})}$
.
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. , (S) [2] . $a(\xi)=|\xi|^{\mathrm{m}}$
$n>m>1$ , ( $-m/2,$ $(m-1)/2$ ) Walther
[Wa2] .
10 , (S) [3]
.
7.
1 2 . (H) ,
(L) . ( , [RS4]
.)




$\phi(x,y, \xi)=x\cdot\xi-y\cdot\psi(\xi)$ , $\phi(x, y, \xi)=x\cdot\xi-y\cdot\psi^{-1}(\xi)$
phase $a(x, y,\xi)=1$ amplitude .
, 4 ,
$a(D)=I\cdot\sigma(D)\cdot I^{-1}$ , $a(\xi)=(\sigma\circ\psi)(\xi)$
. , $L_{k}^{2}(\mathrm{R}^{n})$
$||f||_{L_{k}^{2}(\mathrm{R}^{\hslash})}=( \int|\langle x\rangle^{k}f(x)|^{2}dx)^{1/2}$ ; $\langle x\rangle=\sqrt{1+|x|^{2}}$
, ( ) .
1. $I$ $I^{-1}$ $|k|<n/2$ $L_{k}^{2}$ (Rn)- .
, $\psi(\xi)$ $\sigma(\eta)$ , $a(D_{x})$ $\sigma(D_{x})$






. $(**)$ $v(t, x)=e^{it\sigma(D_{l})}g(x)$ , :
$||\langle x\rangle^{-s}|D_{x}|^{(m-1)/2}v(t, x)||_{L^{2}(\mathrm{R}_{l}\mathrm{x}\mathrm{R}_{l}^{\mathfrak{n}})}\leq C||g||_{L^{2}(\mathrm{R}_{\mathrm{r}}^{n})}$ .
$v=\cdot I^{-1}u,$ $g=I^{-1}\varphi$ $\psi(D_{x})=I\cdot|D_{x}|\cdot I^{-1}$ ,
$||\langle x\rangle^{-s}I^{-1}\cdot|\psi(D_{x})|^{(m-,1)/2}u(t, x)||_{L^{2}(\mathrm{R}_{\ell}\mathrm{x}\mathrm{R}_{*}^{n})}\leq C||I^{-1}\varphi||_{L^{2}(\mathrm{R}_{*}^{n})}$ ,
88
$I,$ $I^{-1}$ 1 $L_{k}^{2}$- $(|k|<n/2)$ , $|\psi(D_{x})|^{-(m-1)/2}|D_{x}|^{(m-1)/2}$
Plancherel L2- ,
$||\langle x\rangle^{-s}|D_{x}|^{(m-1)/2}u(t, x)||_{L^{2}(\mathrm{R}_{t}\mathrm{x}\mathrm{R}_{l}^{n})}\leq C||\varphi||_{L^{2}(\mathrm{R}_{x}^{n})}$
. , $(*)$ $u(t, x)=e^{ita(D_{x})}\varphi(x)$
. , 1 . 2 ,
$||\langle x\rangle^{-m/2}\langle D_{x}\rangle^{(m-1)/2}v(t, x)||_{L^{2}(\mathrm{R}_{t}\mathrm{x}\mathrm{R}_{l}^{n})}\leq C||g||_{L^{2}(\mathrm{R}_{\}^{n})}$
$||\langle x\rangle^{-m/2}\langle D_{x}\rangle^{(m-1)/2}u(t, x)||_{L^{2}(\mathrm{R}_{l}\mathrm{x}\mathrm{R}^{\mathfrak{n}}ae)}\leq C||\varphi||_{L^{2}(\mathrm{R}_{*}^{n})}$
.
, 1 $\psi$ : $\Gammaarrow\tilde{\Gamma}$ ( $\Gamma,\tilde{\Gamma}\subset \mathrm{R}^{n}\backslash 0$ cone)
. $\mathrm{M}\mathrm{i}\mathrm{c}\mathrm{r}\mathrm{o}\mathrm{l}\mathrm{o}\mathrm{c}\mathrm{a}\mathrm{l}\mathrm{i}\mathrm{z}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}+\mathrm{R}\mathrm{o}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$
, $e_{n}=(0, \ldots 0,1)$ conic neighborhood $\Gamma$ , $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\hat{\varphi}\subset\Gamma$
. . $\psi$ : $\Gammaarrow\tilde{\Gamma}$ $\sigma(\eta)$ $a(\xi)=(\sigma\circ\psi)(\xi)(\xi\in\Gamma)$
.
, ( $m$ ) , Euler
$a_{m}( \xi)=\frac{1}{m}\xi\cdot\nabla a_{m}(\xi)$
. $a_{m}(\xi)$ , $\nabla a_{m}(\xi)\neq 0(\xi\neq 0)$
, $\nabla a_{m}(e_{n})\neq 0$ . , 2 .
(I): $\partial_{n}a_{m}(e_{n})\neq 0$ . Euler $a_{m}(e_{n})\neq 0$ . ,
$a_{m}(e_{n})>0$ , $\partial_{n}a_{m}(e_{n})\neq 0$ .
(II): $\partial_{n}a_{m}(e_{n})=0$ . , $j\neq n$ am(en)\neq 0. ,
Euler $a_{m}(e_{n})=0$ . ,
$a_{m}(e_{n})=0$ , $\partial_{1}a_{m}(e_{n})\neq 0$ .
, (H) 1 . , $a(\xi)=a_{m}(\xi)$
2 .
(I) . ,
$\sigma(\eta)=\eta_{n}^{m}$ , $\psi(\xi)=(\xi_{1}, \ldots, \xi_{n-1}, a(\xi)^{1/m})$
$a(\xi)=(\sigma\circ\psi)(\xi)$ . ,
$\det\partial\psi(e_{n})=|_{*}^{E_{n-1}}$ $\frac{1}{m}a(e_{n})^{1/m-1}\partial_{n}a(e_{n})0|$
$\neq 0$ ($E_{n-1}$ $n-1$ )
, $\psi$ $e_{n}$ conic .
, $\sigma(D_{x})=D_{n}^{m}$ ($m=2$ Kenig, Ponce&















, $\xi=\rho^{1/m}$ . $\square$
2 , $s>1/2$ $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\hat{g}$ ‘’ $e_{n}$ ,
$\sigma(D_{x})=D_{n}^{m}$
$||\langle x\rangle^{-s}|D_{x}|^{(m-1)/2}e^{it\sigma(Dx)}g(x)||_{L^{2}(\mathrm{R}t\cross \mathrm{R}_{x}^{\hslash})}\leq C||g||_{L^{2}(\mathrm{R}_{l}^{\mathfrak{n}})}$
, $a(D_{x})$ .
(II) . ,




, $\psi$ $e_{n}$ conic




$\sup_{y\in \mathrm{R}}|||D_{x}|^{(m-1)/2}e^{itD_{x}^{m-1}D_{y}}g(x, y)||_{L^{2}(\mathrm{R}_{l\cross}\mathrm{R}_{x})}\leq C||g||_{L^{2}(\mathrm{R}^{2}ae,y)}$ .
Proof. $\xi<0$ $\hat{g}(\xi, \eta)=0$ .
$|D_{x}|^{(m-1)/2}e^{:tD_{\epsilon}^{m-1}D_{y}}g(x, y)$
$=(2 \pi)^{-2}\int_{0}^{\infty}\int_{-\infty}^{\infty}e^{i(x\xi+y\eta)}e^{it\xi^{m-\iota_{\eta}}}\xi^{(m-1)/2}\hat{g}(\xi, \eta)d\xi d\eta$
$=(2 \pi)^{-2}\int_{-\infty}^{\infty}\int_{0}^{\infty}.e^{i(xb+ta)}e^{iyab^{-(m-1)}}b^{-(m-1)/2}\hat{g}(b, ab^{-(m-1)})dadb$ .




$=(2 \pi)^{-2}\int_{0}^{\infty}\int_{-\infty}^{\infty}|\hat{g}(\xi, \eta)|^{2}d\xi d\eta$
$\leq\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}|g(x, y)|^{2}dxdy$ .
$\eta=ab^{-(m-1)},$ $\xi=b$












. $\sigma(D_{x})=|D_{x}|^{m}$ , Walther [Wa2] ,
:
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4. $n>m>1$ . , :
$||\langle x\rangle^{-m/2}\langle D_{x}\rangle^{(m-1)/2}e^{it|D_{x}|^{m}}\varphi(x)||_{L^{2}(\mathrm{R}_{t}\mathrm{x}\mathrm{R}_{x}^{n})}\leq C||\varphi||_{L^{2}(\mathrm{R}^{n})},\cdot$
(II) ,






5. $n-1>m>1$ . , $D_{x}=(D_{1}, D’),$ $D’=(D_{2}, \ldots, D_{n})$
:
$||\langle x\rangle^{-m/2}\langle D_{x}\rangle^{(m-1)/2}e^{it(|D_{1}|^{m}-|D’|^{m})}\varphi(x)||_{L^{2}(\mathrm{R}_{t}\mathrm{x}\mathrm{R}_{l}^{n})}\leq C||\varphi||_{L^{2}(\mathrm{R}_{l}^{\mathfrak{n}})}$ .
Proof. $x=(x_{1}, x’),$ $x’=(x_{2}, \ldots, x_{n})$ $\text{ }$ $[]^{}$. 2 $x_{1}$
Schwartz , $x’$ Plancherel
$||\langle x_{1}\rangle^{-m/2}|D_{1}|^{(m-1)/2}e^{it(|D_{1}|^{m}-|D’|^{m})}\varphi(x)||_{L^{2}(\mathrm{R}_{t}\mathrm{x}\mathrm{R}_{x}^{n})}\leq C||\varphi||_{L^{2}(\mathrm{R}_{\mathrm{r}}^{\mathfrak{n}})}$
. , $m>1$ , $\langle x_{1}\rangle^{-m/2}$ 2
. - , $x’\in R^{n-1}$ 4 Plancherel
$||\langle x’\rangle^{-m/2}\langle D’\rangle^{(m-1)/2}e^{it(|D_{1}|^{m}-|D’|^{m})}\varphi(x)||_{L^{2}(\mathrm{R}_{t}\mathrm{x}\mathrm{R}_{l}^{n})}\leq C||\varphi||_{L^{2}(\mathrm{R}_{\mathrm{g}}^{n})}$








. , $\langle x\rangle^{-m/2}\leq\langle x_{1}\rangle^{-m/2},$ $\langle x\rangle^{-m/2},\leq\langle x’\rangle^{-m/2}$ ,
$\eta(D_{x})=\langle D_{x}\rangle^{(m-1)/2}(|D_{1}|^{(m-1)/2}+\langle D’\rangle^{(m-1)/2})^{-1}$
$L^{2}$- (Plancherel ) .
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, (L) . $\varphi$
, $\varphi_{h}$ ; $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\hat{\varphi}_{h}\subset\{\xi;|\xi|\geq R\}$
$\varphi\iota$ ; $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\hat{\varphi}\iota\subset\{\xi;|\xi|\leq R\}$




. , $c$ $a(\xi)+c>0$ ,
$j$ ( $j=n$) $\partial_{j}a(\xi)\neq 0$ . ,
$||\langle x\rangle^{-s}e^{ita(D_{u})}\varphi||_{L^{2}(\mathrm{R}_{t}\mathrm{x}\mathrm{R}_{x}^{n})}=||\langle x\rangle^{-s}e^{ii(a(D_{x})+c)}\varphi||_{L^{2}(\mathrm{R}_{t}\mathrm{x}\mathrm{R}_{l}^{n})}$
. ,




, $\sigma(D_{x})=D_{n}^{m}$ ( 2) .
8. L2-
1 – , ,
( ) $L^{2}$- . ,
. ( , .)
L2- ,
:
Asada&Fujiwara [AF]. $a(x, y, \xi),$ $\phi(x, y, \xi)\in C^{\infty}(R^{n}\cross \mathrm{R}^{n}\cross \mathrm{R}^{N})$
amplitude phase $T$ , $a(x, y, \xi)$
$D(\emptyset)=(_{\partial_{\xi}\partial_{y}\phi}^{\partial_{x}\partial_{y}\phi}$ $\partial_{x}\partial_{\xi}\phi\partial_{\xi}\partial_{\xi}\phi)$
. , $|\det D(\phi)|\geq C>0$
. , $T$ , $L^{2}$ (Rn)- .
$|\det D(\phi)|\geq C>0$ local graph condition
$\text{ }$ . (local graph condtion L2- . )
Asada&Fujiwara ,
$([\mathrm{F}\mathrm{u}])$ . , 7 1
phase
$\phi(x, y, \xi)=x\cdot\xi--y\cdot\psi(\xi)$ , $\phi(x,y, \xi)=x\cdot\xi-y\cdot\psi^{-1}(\xi)$




, Ruzhansky [RS2] . ,
$a(x, y, \xi),$ $\phi(x, y, \xi)\in C^{\infty}(\mathrm{R}^{n}\cross R^{n}\cross \mathrm{R}^{n})$ amplitude phase
$T$ .
3. $\phi(x, y, \xi)=x\cdot\xi+\varphi(y, \xi)$ ,
$|\det D(\phi)|=|\det\partial_{y}\partial_{\xi\varphi}(y, \xi)|\geq C>0$
Z $\partial_{y}\partial_{\xi\varphi}(y, \xi)$ .
$|\partial_{\xi}^{\beta}\varphi(y, \xi)|\leq C_{\beta}\langle y\rangle$ $(|\beta|\neq 0)$ ,
$|\partial_{x}^{\alpha}\partial_{y}^{\beta}\partial_{\xi}^{\gamma}a(x, y, \xi)|\leq C_{\alpha\beta\gamma}\langle x\rangle^{m_{1}-|\alpha|}\langle y\rangle^{m_{2}}$
$|\partial_{y}^{\alpha}\partial_{\xi}^{\beta}\varphi(y, \xi)|\leq C_{\alpha}\langle y\rangle^{1-|\alpha|}$ $(|\beta|\neq 0)$ ,
$|\partial_{x}^{\alpha}\partial_{y}^{\beta}\partial_{\xi}^{\gamma}a(x, y, \xi)|\leq C_{\alpha\beta\gamma}\langle x\rangle^{m_{1}}\langle y\rangle^{m_{2}-|\beta|}$
. , $T$ : $L_{k+m_{1}+m_{2}}^{2}(R^{n})arrow L_{k}^{2}(\mathrm{R}^{n})$ ,
$k\in R$ .
$\text{ }fp\text{ }\not\in$),
$\mathrm{a}\mathrm{m}\mathrm{p}\mathrm{i}\mathrm{t}\mathrm{u}\mathrm{d}\mathrm{e}|^{}|-\text{ }\text{ }\mathrm{B}@\text{ }\mathrm{i}\S \text{ }\ovalbox{\tt\small REJECT}\mathrm{h},.\ovalbox{\tt\small REJECT}\S\mathrm{A}^{\mathrm{a}}\mathrm{d}\mathrm{e}\mathrm{c}\mathrm{a}\mathrm{y}\mathrm{i}\mathrm{n}\mathrm{g}\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{p}\mathrm{e}\mathrm{r}\mathrm{t}\mathrm{y}\text{ }\mathrm{f}\mathrm{f}\mathrm{i}\text{ }l\xi \mathrm{A}\mathrm{s}\mathrm{a}\mathrm{d}\mathrm{a}\ \mathrm{F}\mathrm{u}\mathrm{j}\mathrm{i}\mathrm{w}\mathrm{a}\mathrm{r}\mathrm{a}\text{ }\mathbb{P}_{\text{ } }|_{\vee}^{}k^{\backslash }\mathrm{t}1\text{ }\partial,\partial_{\xi}\text{ }\#\mathrm{h}\text{ }$f\epsilon g\varpi \mbox{\boldmath $\gamma$}X
( ) L2- .
3 [RS2] , .
, 1 . ,
Kurtz&Wheeden [ $\mathrm{K}\mathrm{W}|$ :
1. $m(\xi)\in C^{\infty}(R^{n}\backslash 0)$ $0$ . $m(D_{x})$ ,
$|k|<n/2$ L\mbox{\boldmath $\chi$}(Rn)- .
, 1 . , $k\geq 0$






, 1 $|\det\partial\psi(D)|^{-1}$ $L_{k}^{2}$- $(|k|<n/2)$




$=(2 \pi)^{-n}\oint\int e^{i(x\cdot\xi-y\cdot\psi(\xi))}(\frac{1+x^{t}\partial\psi(\xi)^{t}y}{\langle x\rangle^{2}})u(y)dyd\xi$
$= \frac{1}{\langle x\rangle^{2}}Iu+\frac{x}{\langle x\rangle^{2}}\iota\partial\psi(D)I(^{t}xu)$
,
$I= \frac{1}{\langle x\rangle^{2}}I+\frac{x}{\langle x\rangle^{2}}t\partial\psi(D)I^{\iota}x$
. , $k$ induction interpolation $0\leq k<n/2$
$I$ $L_{k-1}^{2}$- , Plancherel $I$ L2-
. , 1 $\partial\psi(D)$ $L_{k-1}^{2}$- $(k<n/2+1)$ , $I$






$\varphi(y, \xi)\in C^{\infty}(R_{y}^{n}\cross R_{\xi}^{n})$
$|\det\partial_{y}\partial_{\xi\varphi}(y, \xi)|\geq C>0$ ,
$|\partial_{y}^{\alpha}\partial_{\xi}^{\beta}\varphi(y, \xi)|\leq C_{\alpha\beta}\langle y\rangle^{1-|\alpha|}\langle\xi\rangle^{1-|\beta|}$ $(|\beta|\neq 0)$
. ,
$C_{1}\langle y\rangle\leq\langle\partial_{\xi\varphi}(y, \xi)\rangle\leq C_{2}(y\rangle,$ $(C_{1}, C_{2}>0)$
( , , 2 ).
Amplitude
$a(x, y, \xi)\in C^{\infty}(\mathrm{R}_{x}^{n}\cross \mathrm{R}_{y}^{n}\cross R_{\xi}^{n})$
, $T_{a}$
$T_{a}u(x)= \int_{\mathrm{R}^{n}}\int_{\mathrm{R}^{n}}e^{i(x\cdot\xi+\varphi(y,\xi))}a(x, y, \xi)u(y)dyd\xi$
. $\varphi(y, \xi)=-y\cdot\xi$ , $T_{a}$ ,
$a(X, \mathrm{Y}, D)=(2\pi)^{-n}T_{a}$
.
1. $m,$ $m’,$ $k\in R$ Amplitude $a(x, y, \xi)$ $A_{k}^{mm’}‘,$ $\mathcal{R}_{k}^{mm’}$‘
,
$|\partial_{x}^{\alpha}\partial_{y}^{\beta}\partial_{\xi}^{\gamma}a(x, y, \xi)|\leq C_{\alpha\beta\gamma}\langle x\rangle^{m-|\alpha|}\langle y\rangle^{m’-|\beta|}\langle\xi\rangle^{k-|\gamma|}$,
$|\partial_{x}^{\alpha}\partial_{y}^{\beta}\partial_{\xi}^{\gamma}a(x, y, \xi)|\leq C_{\alpha\beta\gamma}\langle x\rangle^{m}\langle y\rangle^{m’-|\beta|}\langle\xi\rangle^{k}$
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.
$A_{k}^{m}= \bigcup_{m’\in \mathrm{R}}A_{k}^{m-m’,m’},$ $\mathcal{R}_{k}^{m}=\bigcup_{m’\in \mathrm{R}}\mathcal{R}_{k}^{m-m’,m’}$
.
. .Am,$m’\subset \mathcal{R}_{k}^{mm’}‘$ , $A_{k}^{m}\subset \mathcal{R}^{m}$ . , amplitude
$x$ $y$
$\text{ }$ ta . $\ovalbox{\tt\small REJECT}\S,$ $a(x,\xi)\in A_{k}^{m}$ ,
$\alpha$
$\gamma$
$|\partial_{x}^{\alpha}\partial_{\xi}^{\gamma}a(x, \xi)|\leq C_{\alpha\gamma}\langle x\rangle^{m-|\alpha|}\langle\xi\rangle^{k-\}\gamma|}$,
. $\cdot$ , $A_{k}^{mm’}‘,$ $\mathcal{A}_{k}^{m}$ Cordes [Crd], Coriasco [Cri]
$\mathrm{S}\mathrm{G}$- .
, .
, $\mathcal{R}_{k}^{mm’}‘,$ $\mathcal{R}_{k}^{m}$ .
3 , .
4. $m,$ $\mu\in \mathrm{R}$ . $a(x, y, \xi)\in \mathcal{R}_{0}^{m}$
$T_{a}$ : $L_{m+\mu}^{2}(\mathrm{R}^{n})arrow L_{\mu}^{2}(\mathrm{R}^{n})$ .
, , Calculus .
5. $m,$ $k\in R$ , $a(x, y, \xi)\in \mathcal{A}_{k}^{m}$ . , :
$T_{a}=T_{a_{0}}+T_{r}$ ;
$a_{0}(y,\xi)=a(-\partial_{\xi\varphi}(y,\xi),$ $y,$ $\xi)\in A_{k}^{m}$ , $r(x, y, \xi)\in \mathcal{R}_{k-1}^{m-1}$ .
Proof. $a_{0}(y)\xi)\in A_{k}^{m}$ , $\varphi(y, \xi)$
.
, $\chi(x)\in C_{0}^{\infty}(\mathrm{R}^{n})$ , 1 $\text{ },$ $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\chi\subset\{x;|x|<1/2\}$
,
$a^{I}(x, y, \xi)=a(x, y, \xi)\chi((X+\partial_{\xi\varphi}(y, \xi))/\langle\partial_{\xi\varphi(y,\xi)\rangle)}$ ,
$a^{II}(x, y, \xi)=a(x, y, \xi)(1-\chi)((X+\partial_{\xi\varphi}(y, \xi))/\langle\partial_{\xi\varphi(y,\xi)\rangle)}$
, $a=a^{I}+a^{II}$ .
, $N,$ $l\in \mathrm{R}$ , $r(x, y, \xi)\in A_{l}^{N}$ $T_{a^{Il}}=T_{r}$
. , $M$
${}^{t}M= \frac{x+\partial_{\xi\varphi}}{i|x+\partial_{\xi}\varphi|^{2}}\cdot\partial_{\xi}$
transpose , $l\in \mathrm{N}$
$T_{a}Ilu(x)= \int\int e^{i(x\cdot\xi+\varphi(y,\xi))}M^{l}a^{II}(x, y, \xi)u(y)dyd\xi$
, $a^{II}(x, y, \xi)$ $\langle\partial_{\xi\varphi}(y, \xi)\rangle\leq C|x+\partial_{\xi\varphi}(y, \xi)|$ ,
$\langle x\rangle\leq|_{X+\partial_{\xi\varphi(y,\xi)1+\sqrt{2}\langle\partial_{\xi\varphi(y,\xi)\rangle}}}\leq c|_{X+\partial_{\xi\varphi(y,\xi)1}}$,
$\langle y\rangle\leq \mathit{0}\langle\partial_{\xi\varphi(y,\xi)\rangle\leq C|X+\partial_{\xi\varphi(y,\xi)1}}$
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. $\chi’((x+\partial_{\xi\varphi}(y, \xi))/\langle\partial_{\xi\varphi}(y, \xi)\rangle)$ $|x+\partial_{\xi\varphi}(y, \xi)|$ $\langle\partial_{\xi\varphi}(y, \xi)\rangle$
, .
, Taylor








. $\mathcal{R}_{k-1}^{m-1}$ , $\langle-\partial_{\xi\varphi}(y, \xi)+\theta(x+\partial_{\xi\varphi}(y, \xi))\rangle$
$\langle y\rangle$ , $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}a^{I}$
$C_{1}\langle x\rangle\leq\langle y\rangle\leq C_{2}\langle x\rangle$ , $(C_{1}, C_{2}>0)$





. , $\varphi(y, \xi)$
.
, $a(x, y, \xi)\in \mathcal{A}_{k}^{m}$ , 5
$A_{k-1}^{m-1}$ ,
$\mathcal{R}_{k-1}^{m-1}$ . , SG-
, , 4 , $R_{k}^{m}$
. 8 3 ,
.
, 5 .
. 5 , $\varphi(y, \xi)=-y\cdot\xi$ ,
:
6. $m,$ $k\in \mathrm{R}$ , $a(x, y, \xi)\in \mathcal{A}_{k}^{m}$ . , $r_{1}(x, y, \xi),$ $r_{2}(x, y,\xi)\in$
$\mathcal{R}_{k-1}^{m-1}$
$a(X, Y, D)=a(Y, Y, D)+r_{1}(X, \mathrm{Y}, D)$
$=a(X, X, D)+r_{2}(X, \mathrm{Y}, D)$
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.Calculus. 1 $\psi$ : $\mathrm{R}^{n}\backslash 0arrow \mathrm{R}^{n}\backslash 0$
$Iu(x)=F^{-1}[Fu(\psi(\xi))](x)$
$=(2 \pi)^{-n}\int_{\mathrm{R}^{n}}\int_{\mathrm{R}^{n}}e^{i(x\cdot\xi-y\cdot\psi(\xi))}u(y)dyd\xi$
( , $\psi(\xi)$ , $\xi=0$
) . , $I^{-1}$ phase
$\phi(x, y, \xi)=x\cdot\xi-y\cdot\psi^{-1}(\xi)$
, Lagrange ( 3 )
$C_{\phi}=\{(x, \xi, x\psi’(\psi^{-1}(\xi))), \psi^{-1}(\xi))\}$
. , $\mathrm{E}\mathrm{g}\mathrm{o}\mathrm{r}\mathrm{o}\mathrm{v}$
( 4 ) :
7. $m\in \mathrm{R}$ . $a(x, \xi)$ \in A
$\tilde{a}(x, \xi)=a(x\psi’(\psi^{-1}(\xi)), \psi^{-1}(\xi))$
. $\tilde{a}(x,\xi)\in \mathcal{A}_{1}^{m}$ ,
$a(X, D)\cdot I=I\cdot\tilde{a}(X, D)+R$
. , $R$ $\mu\in \mathrm{R}$
$R$ : $L_{m-1+\mu}^{2}(R^{n})arrow L_{\mu}^{2}(\mathrm{R}^{n})$
.
Proof. $\tilde{a}(x$ , \xi $)$ \in A .
$b(Y, D)u=F_{\xi}^{-1}[ \int e^{-iy\cdot\xi}b(y, \xi)u(y)dy]$
,
$I \cdot b(\mathrm{Y}, D)u(x)=(2\pi)^{-n}\int[e^{i(x\cdot\xi-y\cdot\psi(\xi))}b(y, \psi(\xi))u(y)dyd\xi$
. , 5 6
$a(X, D) \cdot Iu(x)=(2\pi)^{-n}\iint e^{i(x\cdot\xi-y\cdot\psi(\xi))}a(x, \xi)u(y)dyd\xi$
$=(2 \pi)^{-n}\int\int e^{\mathrm{t}(x\cdot\xi-y\cdot\psi(\xi))}a(y\psi’(\xi), \xi)u(y)dyd\xi+R_{1}u(x)$
$=I\cdot\tilde{a}(\mathrm{Y}, D)u(x)+R_{1}u(x)$
$=I\cdot\tilde{a}(X, D)u(x)+(I\cdot R_{2}+R_{1})u(x)$
, $R=I\cdot R_{2}+R_{1}$ 4 , 7 .
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$C_{\phi}=\{(x, \xi, \kappa(x), \xi\kappa’(x)^{-1})\}$
. , $\mathrm{E}\mathrm{g}\mathrm{o}\mathrm{r}\mathrm{o}\mathrm{v}$ :
8. $m\in \mathrm{R}$ . $a(x, \xi)\in A_{1}^{m}$ ,
$\tilde{a}(x, \xi)=a(\kappa(x), \xi\kappa’(x)^{-1})$
. , $\tilde{a}(x, \xi)\in A_{1}^{m}$ ,
$J\cdot a(X, D)=\tilde{a}(X, D)\cdot J+R$
. , $R$ $\mu\in R$







. 5 , Kato&Yajima [KY] [Su4]
, $1-n/2<\alpha<1/2$
$|||x|^{\alpha-1}|D_{x}|^{\alpha}u(t, x)||_{L^{2}(\mathrm{R}_{t}\mathrm{x}\mathrm{R}_{x}^{n})}\leq C||\varphi||_{L^{2}(\mathrm{R}_{x}^{n}\rangle}$
( (S) [3] ) , Watanabe
[Wat] , $\alpha=1/2$ .




(Hoshiro [Hos] ). $\Lambda^{\sigma}$ ,
$\sigma/2$ $R^{n}$ .
$\Lambda^{2}=|x\wedge\partial|^{2}$
$.= \sum_{i<j}(x_{j}\frac{\partial}{\partial x_{i}}-x_{i}\frac{\partial}{\partial x_{j}})^{2}$
, $x\wedge\partial$ . ,
$\Lambda^{\sigma}\sim|x|^{\sigma}|D_{x}|^{\sigma}$
$|x|^{\alpha-1}\Lambda^{1/2-\alpha}|D_{x}|^{\alpha}\sim|x|^{-1/2}|D_{x}|^{1/2}$
(\dagger ) , (S) [3] $\alpha=1/2$


















$\dot{x}(t)=(\nabla a)(\xi(t))$ , $\dot{\xi}(t)=0$
$x(0)=0$ , $\xi(0)=k$ ,
. ,
$\Gamma_{a}=\{(x(t), \xi(t));t\in R, k\in \mathrm{R}^{n}\backslash 0\}$
$=\{(\lambda\nabla a(\xi), \xi);\xi\in \mathrm{R}^{n}\backslash 0, \lambda\in \mathrm{R}\}$
. , $a(\xi)=|\xi|^{2}$ ,
$\Gamma_{a}=\{(x, \xi)\in T^{*}\mathrm{R}^{n}\backslash 0;|x\wedge\xi|=0\}$
. $x\wedge\partial$ –









. , $(*)$ $u$ ,
$||\tau(X, D_{x})u(t, x)||_{L^{2}(\mathrm{R}_{t}\mathrm{x}\mathrm{R}_{x}^{n})}\leq C||\varphi||_{L^{2}(\mathrm{R}_{x}^{n})}$
. , :
$\sigma(x, \xi)\sim|x|^{a}|\xi|^{b}\Leftrightarrow\{$
$\sigma(x, \xi)\in C^{\infty}((\mathrm{R}_{x}^{n}\backslash 0)\cross(\mathrm{R}_{(}^{n}\backslash 0))$ ,
$\sigma(\lambda x, \xi)=\lambda^{a}\sigma(x, \xi);(\lambda>0)$ ,
$\sigma(x, \lambda\xi)=\lambda^{b}\sigma(x, \xi);(\lambda>0)$ .
3. $a(\xi)=|\xi|^{2}$ , $\tau(x, \xi)=|x|^{-3/2}(x\wedge\xi)|\xi|^{-1/2}$ (
(\dagger ) ). , (\dagger )
$([\mathrm{S}\mathrm{u}5])$ .





. $-\triangle$ , 3
$\tau(x, \xi)=|x|^{-3/2}(x\wedge\xi)|\xi|^{-1/2}$
. $a(D)$







9 , 3 , . ,
$\tau(x, \xi)$ , :
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(\dagger ) , . ,
$\frac{1}{2}\nabla a:\Sigma_{a}arrow\Sigma_{a}^{*}$ $\frac{1}{2}\nabla a^{*}:\Sigma_{a^{\mathrm{r}}}arrow\Sigma_{a^{\mathrm{r}}}^{*}$
$\Sigma_{a}^{*}$ . $=\Sigma_{a}$
.





. , $|\nabla a^{*}(x)\wedge D|^{2}$ $\Sigma_{a}^{*}$ $\mathrm{R}^{n}$
.
9 . 4 , $\mathrm{E}\mathrm{g}\mathrm{o}\mathrm{r}\mathrm{o}\mathrm{v}$
$a(\xi)=|\xi|^{2}$
( Calculus ( 7) ,
) . ,




$\bullet$ $\sigma(x, \xi)$ \in A , $x\wedge\xi=0$ $\sigma(x, \xi)=\mathit{0}$
$||\sigma(X, D)u||_{L^{2}}\leq C(||(x\wedge D)u||_{L_{m-1}^{2}}+||u||_{L_{n-1}^{2}})$ .
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,$\kappa(x)=(x’,$ $\sqrt{x_{n}^{2}-|x’|^{2}})$
. $x=(x_{1}, x_{2}\ldots, x_{n}),$ $x’=(x_{1}\ldots, x_{n-1})$ .
, Calculus ( 8)
$b(x, \xi)=\sigma(\kappa(x),\xi\kappa’(x)^{-1})\in A_{1}^{m}$ ,
$(x, \xi)=\kappa(x)\wedge\xi\kappa’(x)^{-1}$
,
$||b(X, D)u||_{L^{2}}\leq C(||(X, D)u||_{L_{m-1}^{2}}+||u||_{L_{n-1}^{2)}}$
.
$\Theta_{ij}(x, \xi)=x_{i}\xi_{j}-x_{j}\xi_{i}$ $(i<j<n)$ ,
$_{in}(x, \xi)=-\sqrt{x_{n}^{2}-|x’|^{2}}\xi_{i}$ $(i<n)$
,
$||b(X, D)u||_{L^{2}(\mathrm{R}^{n})} \leq C\sum_{1=1}^{n-1}||D_{i}u||_{L_{m}^{2}(\mathrm{R}^{n})}$
. , $\{(x, \xi);\xi’=0\}$ $b(x, \xi)=0$
,
$b(x, \xi^{l},\xi_{n})=b(x, \mathit{0}, \xi_{n})+\sum_{i=1}^{n\sim 1}r_{1}(x, \xi)\xi_{i}$
$= \sum_{i=1}^{n-1}r;(x, \xi)\xi_{i}$ ,
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$r_{i}(x, \xi)=J_{0}^{1}.(\partial_{\xi_{\mathfrak{i}}}b)(x, \theta\xi’, \xi_{n})\in A_{0}^{m}$
. $r_{i}(X, D)$ $L_{m^{-}}^{2}L^{\mathit{2}}$- ( 4) ,
.
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